Absfruct-Exact formulas to compute the switching activities of the invert line and each bus line for both even and odd bus widths are presented. This enables us to understand the finite and asymptotic behaviors of the bus-invert coding process. It is found that the previous published theoretical results form only a subset of our contributions.
I. INTRODUCTION
The bus-invert method, proposed by M. R. Stan and W. P.
Burleson [l] , is a simple and yet effective method to reduce data-bus switching activity if the switching of data lines is spatially and temporally independent and uniformly distributed. Suppose the bus is n-bit wide. The bus-invert method can reduce not only the average switching activity of the I/O bus, but also the peak switching activity from n to n/2 transitions per bus cycle. The best result, saving 25% of the switching activity, can be obtained with n=2. Dividing the bus lines into several groups of small size can take this advantage, but it also increases the number of invert lines (extra lines showing to the receiver about inverting of data values).
M. R. Stan and W. P. Burleson [l] correctly established the relationship between the bus-invert method and limitedweight codes [2] and showed that the average number of transitions per bus cycle is 2-" CiC(n +1, i) when n is even.
However, their argument [3] about modeling the bus-invert coding process as a two-state Markov chain with state transition probability equal to 0.5 is not totally true. S. Ramprasad , N. R. showed later the average number of transitions per bus cycle approaches n + l -(including the invert line) when n is large enough. The 2 above theoretical achievements certainly provide some insights into the bus-invert method, but there are many issues yet to be investigated further. In this paper the exact models to describe the bus-invert coding process both for the even and odd bus widths are presented. And the exact formulas to compute the switching activity of the invert line and each individual bus lines are derived. Finally, the relationship between the bus-invert coding and the limited-weight code is elaborated further. It is found the theoretical results presented in the aforementioned literature about the bus-invert method constitute only a subset of our contributions.
BUS-INVERT METHOD
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A. Basic Assumptions
It is assumed that the data values are spatially and temporally independent and uniformly distributed. For spatially independent, we mean the bit value on one bus line does not influence the values on the other lines. For temporally independent, we mean the bit value on one bus line at one time point does not influence the value on the same bus line at another time point. For uniformly distributed, we mean logical zero and logical one are equally probable on a bus line. In spite of having this assumption for each data line, the switching activities of each bus line and the invert line may not be independently and uniformly distributed because 1. a transition of the invert line depends on the collective line to one and make the next bus value equal to the inverted data value. 3) Otherwise, set the next bus value equal to the next data value and set the invert line to zero.
4)
At the receiver side, the receiver decodes the bus data value according to the value of the invert line.
It is hard to understand what computing the Hamming distance in step 1 means. To compute the Hamming distance, one must know the next value of the invert line, but to know the next value of the invert line, one has to compute the Hamming distance. A circle is formed in this process.
However, from the circuit implementation proposed by the original authors, it is clear that the next value of the invert line can be determined as follows:
The next value of the invert line is set to one if the Hamming distance between the next data value and the present bus value without inclusion of the invert line is larger than E , or if the Hamming distance between the 2 next data value and the present bus value without inclusion of the invert line is equal to -and the present value of the invert line is one. Otherwise, the next value of the invert line is set to zero.
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C. Bus-Znvert Method for Odd Bus Width
For odd bus width n, not explicitly elaborated in the original method, the next value of the invert line can be determined in either one of the following two methods:
The next value of the invert line is set to one if the Hamming distance between the next data value and the present bus value without inclusion of the invert line is larger than or equal to -. Otherwise, it is set to zero.
The next value of the invert line is set to one if the Hamming distance between the next data value and the present bus value without inclusion of the invert line is larger than -, or if the Hamming distance between the next data value and the present bus value without inclusion of the invert line is equal to -and the present value of the invert line is one. Otherwise, the next value of the invert line is set to zero.
Variations on these two methods are possible, but if the maximum number of transitions (including the invert line) per bus cycle is no larger than -, these methods still come up with the same total number of transitions per bus cycle.
BUS-INVERT CODING PROCESS
Since the value of the invert line governs the coding and decoding process, the bus invert coding process can be characterized by the value change on the invert line. Thus, the following indicating random variables are defined:
{ ' Z j = 0, otherwise. Then, the Hamming distance between the next data value and the present bus value (without including the invert line) can be expressed as C li , and the probability of value change of the invert line can be written as a function of these variables. For example, the probability of value change of the invert n + l 2 n-1 2 n + l 2 1. = 1, if the i* bit of the next data value and the present bus value differs, for i = 1, 2, ..., n.
n i=l
Obviously, if the next data values are spatially and temporally independent, the transition probability is independent of time and the underlying Markov chain is stationary and ergodic. For example, the transition probability from zero to one on the invert line is equal to P( i=l 5zi > I ) = + -2-("+1) ( n , ;
) .
(1)
The other transition probabilities can be similarly formulated and simplified. Fig. 1, Fig. 2 and Fig. 3 show the state transition diagrams for even bus width, odd bus width of method ( l ) , and odd bus width of method (2), respectively. Where Znv=O represents the logic value of the invert line is zero, and Znv=l indicates the opposite. The state transition probabilities for even bus width and odd bus width of method (2) are dependent on bus width n, while those for odd bus width of method ( 1 ) are independent of n. However, the state transition probabilities for any bus width asymptotically approach 0.5 when n goes infinity.
IV. Bus SWITCHING CHARACTERISTICS
A. Switching Activity of the Invert Line
Let I , be a random variable such that I,, = 1 if the invert line makes a transition and 1, = 0 if the invert line does not make a transition. Based on the basic assumption given above, the transition probability of the invert line per bus cycle can be computed for the following cases: Case 1: Even bus width, Clearly, lim Pr(1, = 1) = 0.5 for all the three cases. However, for a relatively small n, the transition probability of the invert line may be considerably smaller than 0.5. can not obtain similar results by doing so for odd bus width because the code words no longer form a perfect limitedweight code (discussed later). 4. In case 2 the switching of the invert line is independent of the bus width n and is uniformly distributed. Intuitively, it is case 1 rather than case 2 that should have such characteristics. The explanation is that in case 2, i=O n-1 2 for k=0,1,2 ,..., -.
B. Switching Activity of the Bur Lines
5.Notably, if
is even, then ~~( n + l ) -~~( n ) = 0 . 5 and . Therefore, given N~ (2) = 0.75 , we can
use the relationship among N~ (n -1) , N~ (n) , jvt (n + 1) to compute the value of N~ ( k ) for any k > 2 .
6. Because our results are more comprehensive, we can easily evaluate the total number of transitions per bus cycle for the bus lines that are partitioned into an arbitruty number of groups. TABLE I shows such an example. Note that the total number of transitions per bus cycle without bus-invert coding is 12. The data show that partitioning the bus into groups of odd number of bits is not worthwhile. 
V. BUS-INVERT CODING
The limited-weight code for even bus width is a limited-weight code. The total number of code words is 2" and each code word occurs with equal probability. The limited weight code for odd bus width of method (1) limited-weight code. The 3.
total number of code words is 2" and each code word occurs with equal probability. The limited weight code for odd bus width of method (2) is a perfect ( n + 1, y) limited-weight code. The total number of code words is 2n + C ( n, -' ; I ) , but the code words do not occur with equal probability.
VI. CONCLUSION
We have comprehensively studied the finte and asymptotic behavior of the bus-invert coding process which is characterized by a two-state Markov chain with transition probability asymptotically approaching 0.5 as the bus width goes infinity. We give the exact formulas to compute the switching activity of the bus of any width. This provides us an easy way to evaluate the effectiveness of applying the businvert method. We also show the limited-weight codes generated by the bus-invert coding respectively for even and odd bus widths possess different properties. It is found the previously published theoretical results form a subset of our contributions.
